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QUASI-PROJECTIVITY OF MODULI SPACES
OF POLARIZED VARIETIES
GEORG SCHUMACHER AND HAJIME TSUJI
Abstract. By means of analytic methods the quasi-projectivity
of the moduli space of algebraically polarized varieties with a not
necessarily reduced complex structure is proven including the case
of non-uniruled polarized varieties.
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1. Introduction
In the theory of algebraic varieties, it is fundamental to study the
moduli spaces of algebraic varieties. As for the existence of moduli
spaces, it had been known that there exists an algebraic space as
a coarse moduli space of non-uniruled polarized projective manifolds
with a given Hilbert polynomial. Here an algebraic space denotes a
space which is locally a finite quotient of an algebraic variety. Ac-
tually the notion of algebraic spaces was introduced to describe the
moduli spaces ([AR1]). According to the theory of algebraic spaces by
M. Artin ([AR1, AR2, KT]), the category of proper algebraic spaces of
finite type defined over C is equivalent to the category of Moishezon
spaces. Hence the moduli spaces of non-uniruled polarized manifolds
have abundant meromorphic functions and were considered to be not
far from being quasiprojective. Various attempts were made to prove
the quasiprojectivity of the moduli spaces of non-uniruled, polarized al-
gebraic varieties (cf. [K-M, KN, KO1, V]). E. Viehweg ([V]) developed
a theory to construct positive line bundles on moduli spaces. He used
results on the weak semipositivity of the direct images of relative mul-
ticanonical bundles. In particular he could prove the quasiprojectivity
of the moduli spaces of canonically polarized manifolds ([V]). J. Kolla´r
studied the Nakai-Moishezon criterion for ampleness on certain com-
plete moduli spaces in [KO1], with applications to the projectivity of
the moduli space of stable curves and certain moduli spaces of stable
surfaces under boundedness conditions. However, his approach ap-
pears quite different from our present methods, which do not require
the completeness of moduli spaces. His result was used to show the
projectivity of the compactified moduli spaces of surfaces with ample
canonical bundles by V. Alexeev ([AL]).
The main result in this paper is the quasi-projectivity of the moduli
space of non-uniruled polarized manifolds. Non-uniruledness is in fact
not used here. All we need is the existence of a moduli space.
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In fact, given a polarized projective manifold, a universal family of
embedded projective manifolds over a Zariski open subspace H of a
Hilbert scheme is determined after fixing the Hilbert polynomial.
The identification of points of H, whose fibers are isomorphic as
polarized varieties, defines an analytic equivalence relation ∼ such that
the set theoretic moduli space is M = H/∼. The quotient is already
a complex space, if the equivalence relation is proper. Moreover,in
this situation, it follows that M is an algebraic space. If the above
equivalence relation is induced by the action of a projective linear group
G, properness of ∼ means properness of the action of G. In this moduli
theoretic case H/∼ is already a geometric quotient.
Theorem 1. Let K be a class of polarized, projective manifolds such
that the moduli space M exists as a proper quotient of a Zariski open
subspace of a Hilbert scheme. Then M is quasi-projective.
The proof of the theorem consists of two steps. The first step is
to construct a line bundle on the compactified moduli space with a
singular hermitian metric of strictly positive curvature on the interior.
The method is based upon the curvature formula for Quillen met-
rics on determinant line bundles ([BGS]), the theory of Griffiths about
period mappings ([GRI]), and moduli of framed manifolds.
The second step is to construct sufficiently many holomorphic sec-
tions of a power of the above line bundles in terms of L2-estimates of
the ∂-operator. The key ingredient here is the theory of closed positive
(1, 1)-currents, which controls the multiplier ideal sheaf of a singular
hermitian metric. This step can be viewed as an extension of the Ko-
daira embedding theorem to the quasi-projective case.
2. Singular hermitian metrics
Definition 1. Let X be a complex manifold and L a holomorphic line
bundle on X. Let h0 be a hermitian metric on L of class C
∞ and
ϕ ∈ L1loc(X). Then h = h0 · e−ϕ is called a singular hermitian metric
on L.
4 GEORG SCHUMACHER AND HAJIME TSUJI
Following the notation of [DE4] we set
dc =
√−1
2π
(∂ − ∂)
and call the real (1, 1)-current
Θh = dd
c(− log h) = −
√−1
π
∂∂ log h(1)
the ”curvature current” of h. It differs from the Chern current by a
factor of 2.
A real current Θ of type (1, 1) on a complex manifold of dimension
n is called positive, if for all smooth (1, 0)-forms α2, . . . , αn
Θ ∧ √−1α2 ∧ α2 ∧ . . . ∧
√−1αn ∧ αn
is a positive measure. We write Θ ≥ 0.
A singular hermitian metric h with positive curvature current is
called positive. This condition is equivalent to saying that the locally
defined function − log h is plurisubharmonic.
Let W ⊂ Cn be a domain, and Θ a positive current of degree (q, q)
on W . For a point p ∈ W one defines
ν(Θ, p, r) =
1
r2(n−q)
∫
‖z−p‖<r
Θ(z) ∧ (ddc‖z‖2)n−q.
The Lelong number of Θ at p is defined as
ν(Θ, p) = lim
r−→0
r > 0
ν(Θ, p, r).
If Θ is the curvature of h = e−u, u plurisubharmonic, one has
ν(Θ, p) = sup{γ ≥ 0; u ≤ γ log(‖z − p‖2) +O(1)}.
The definition of a singular hermitian metric carries over to the sit-
uation of reduced complex spaces.
Definition 2. Let Z be a reduced complex space and L a holomorphic
line bundle. A singular hermitian metric h on L is a singular her-
mitian metric h on L|Zreg with the following property: There exists a
desingularization π : Z˜ −→ Z such that h can be extended from Zreg to
a singular hermitian metric h˜ on π∗L over Z˜.
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The definition is independent of the choice of a desingularization
under a further assumption. Suppose that Θh˜ ≥ −c · ω in the sense of
currents, where c > 0, and ω is a positive definite, real (1, 1)-form on
Z˜ of class C∞. Let π1 : Z1 −→ Z be a further desingularization. Then
Z˜ ×Z Z1 −→ Z is dominated by a desingularization Z ′ with projections
p : Z ′ −→ Z˜ and p1 : Z ′ −→ Z1. Now p∗ log h˜ is of class L1loc on Z ′ with
a similar lower estimate for the curvature. The push-forward p1∗p
∗h˜ is
a singular hermitian metric on Z1. In particular, the extension of h to
a desingularization of Z is unique.
In [G-R] for plurisubharmonic functions on a normal complex space
the Riemann extension theorems were proved, which will be essential
for our application. The relationship with the theory of distributions
was treated in [DE].
For a reduced complex space a plurisubharmonic function u is by
definition an upper semi-continuous function u : X −→ [−∞,∞) whose
restriction to any local, smoothly parameterized analytic curve is either
identically −∞ or subharmonic.
A locally bounded function u : X −→ [−∞,∞) from L1loc(X) is called
weakly plurisubharmonic, if its restriction to the regular part of X is
plurisubharmonic.
Differential forms with compact support on a reduced complex space
are by definition locally extendable to an ambient subspace, which is
an open subset U of some Cn. Hence the dual spaces of differential
C∞-forms on such U define currents on analytic subsets of U . The
positivity of a real (1, 1)-current is defined in a similar way as above
involving expressions of the form (1).
For locally bounded functions of class L1loc the weak plurisubhar-
monicity is equivalent to the positivity of the current ddcu. It was
shown that these functions are exactly those, whose pull-back to the
normalization of X are plurisubharmonic. We note
Definition 3. Let L be a holomorphic line bundle on a reduced complex
space X. Then a singular hermitian metric h is called positive, if the
functions, which define locally − log h are weakly plurisubharmonic.
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This definition is compatible with Definition 2: Let L be a holo-
morphic line bundle on a complex space Z equipped with a positive,
singular hermitian metric hr on L|Zreg. If π : Z˜ −→ Z is a desingular-
ization, and h˜ a positive, singular hermitian metric on π∗L, extending
h|Zreg, we see that − log hr is locally bounded at the singularities of Z
so that h˜ induces a singular, positive metric on L over Z.
3. Deformation theory of framed manifolds–
V -structures
Let X be a compact complex manifold and D ⊂ X a smooth (irre-
ducible) divisor. Then (X,D) is called a logarithmic pair or a framed
manifold.
For any m ∈ N an associated V -structure X˜m on X is defined, in
terms of local charts π : W −→ U , U ⊂ X , W ⊂ Cn such that π is just
an isomorphism, if U ∩ D = ∅ or a Galois covering of order m with
branch locus U ∩D (and group G = Zm).
By definition, the differential forms and vector fields on X with re-
spect to the V -structure, which are V -differentiable or V -holomorphic,
are defined on X\D with the property that the local lifts under
π|W ∩ π−1(U\D) : W ∩ π−1(U\D) −→ U\D can be extended in a
holomorphic or differentiable way to W .
Withm being fixed, we denote by T VX and AV,qX (T VX ) resp. the sheaves
of V -holomorphic vector fields and V -differentiable q-forms with values
in T VX resp.
Lemma 1. (i) For any m ∈ N the Dolbeault complex
0 −→ T VX −→ AV,•X (T VX )
is well-defined and exact.
(ii) The sheaf T VX is canonically isomorphic to Ω1X(logD)∧.
By definition, a family (Xs,Ds)s∈S of framed manifolds, parameter-
ized by a complex space S is given by a smooth, proper, holomorphic
map f : X −→ S together with a divisor D ⊂ X , such that f |D is
proper and smooth, such that Xs = f−1(s) and Ds = D ∩ Xs. A local
deformation of a framed manifold (X,D) over a complex space S with
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base point s0 ∈ S is a deformation of the embedding i : D →֒ X ,
i.e. induced by a family D →֒ X −→ S together with an isomorphism
(X,D)
∼−→ (Xs0,Ds0), where two such objects are identified, if these
are isomorphic over a neighborhood of the base point. The existence
of versal deformations (i.e. complete and semi-universal deformations)
of these objects is known. We denote by T •(X) ≃ H•(X, TX) and
T •(X,D) resp. the tangent cohomology of X and (X,D) resp.
Corollary 1. The space of infinitesimal deformations of (X,D) equals
T 1(X,D) = H1(Γ(X,AV,•X (T VX ))). It can also be computed in terms of
Cech cohomology as
∨
H1(U, T VX ) of V -holomorphic vector fields, where
U is a G-invariant T VX -acyclic covering.
We have the following exact sequence.:
0 −→ T 0(X,D) −→ T 0(X) −→ H0(D,OD(D)) −→(2)
T 1(X,D) −→ T 1(X) −→ H1(D,OD(D)).
We denote by T 11 (X) ⊂ T 1(X) the image of T 1(X,D). The com-
position of H1(X, TX)) −→ H1(D,OD(D)) with the natural map
H1(D,OD(D) −→ H2(X,OX) equals the map induced by the cup-
product with the Chern class of D. The latter is induced by the Atiyah
sequence for the pair (X,OX(D)), and its kernel T 10 (X) consists of those
infinitesimal deformations for which the isomorphism class of the line
bundle [D] extends. Assume that D is an ample divisor on X , and
λX = c1(D) its (real) Chern class. Then the pair (X, λX) is a polar-
ized variety, and T 10 (X) is the space of infinitesimal deformations of
(X, λX). Studying moduli spaces of polarized varieties, we are free to
replace the ample divisor D by a uniformly chosen multiple, in which
case T 10 (X) and T
1
1 (X) can be identified.
Remark 1. The group of infinitesimal automorphisms T 0(X,D) van-
ishes, if KX + [D] is positive. Like in the case of canonically polarized
manifolds, in a family of such framed manifolds the relative automor-
phism functor (or more generally isomorphism functor) is represented
by a space such that the natural map to the base is finite and proper.
Moreover, general deformation theory implies that any versal deforma-
tion is universal.
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4. Cyclic coverings
Let X be a compact complex manifold, and D,D′ effective divisors
such that D ∼ m · D′ for some m ∈ N. Denote by E and E ′ resp.
bundle spaces for the corresponding line bundles. Let
E ′ E✲
ℓ
X
π′❅❅❘
π 
 ✠
(3)
be the morphism over X , which sends a bundle coordinate α to αm.
Let σ be a canonical section of π. Then we define Xm = V (ℓ − σ ◦
π′) ⊂ E ′. If D is a smooth divisor, the subspace Xm ⊂ E is a manifold,
and π′|Xm : Xm −→ X is a Galois covering with branch locus D ⊂ X .
We assume now that D is very ample, providing an embedding Φ :
X −→ PN . We denote by P the dual projective space, and by Σ ⊂ PN×
P the tautological hypersurface with divisor D = Σ∩(X×P ) ⊂ X×P
and bundle space E −→ X × P . Let Dt = Σt ∩X for t ∈ P .
We have flat families over X × P and P resp.
Xm E
′✲
µ❅
❅❅❘
X × P
❄
E✲
 
  ✠
❄
P
❆
❆
❆
❆
❆
❆
❆❯
π
(4)
Here the bundle E comes from the globally defined divisor D. The
bundle E ′ is first defined locally with respect to P , which gives rise to
a cocycle with coefficients from C∗, i.e. a line bundle on P .
Proposition 1. The total space Xm is smooth. In particular, the
dualizing sheaf ωXm/P equals the relative canonical sheaf KXm/P :=
KXm ⊗ π∗K−1P .
Proof. As Xm ⊂ E ′ is of codimension one, it is sufficient, to find a local
function for any x0 ∈ Xm, which vanishes at x0, and whose gradient
at this point is non-zero. Let again σ be a canonical section of the
line bundle E over X × P . We denote by t0 the image of x0 in P ,
and take local coordinates t of P around t0. Let α be a local bundle
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coordinate of E ′ around t0, and z a local coordinate on X so that x0
is given by (z0, α0, t0). Now t0 ∈ P corresponds to a section σt0(z) of
E|X × {t0}. The space Xm is defined by g(z, α, t) := σt(x) − αm = 0
around x0. If α0 6= 0, we have (∂g/∂α)(x0) 6= 0. If α0 = 0 holds,
σt0(z0) = 0. SinceD is very ample onX , we find a section of E|X×{t0},
which does not vanish at x0. This section gives some t1 ∈ P , i.e.
some σt1 . Let σt(τ) = σt0 + τσt1 be the line through t0 and t1. Then
(∂g/∂τ)|τ=0 6= 0.
Remark 2. The analogous statement is true for smooth families f :
X −→ S of manifolds over complex spaces, assuming the existence of
families of divisors D and D′, with D ∼ m·D′, and a relative embedding
X →֒ PN × S induced by D. We have
Xm E ′✲
µ❅
❅❅❘
X × P
❄
E✲
 
  ✠
❄
S × P
❆
❆
❆
❆
❆
❆
❆❯
fm
f × id
(5)
and the induced map Xm −→ S is smooth. In particular, the canonical
and dualizing sheaves KXm/S×P = KXm ⊗ f ∗mK−1S×P and ωXm/S×P resp.
are isomorphic, if S is smooth.
Let (X,D) be a framed manifold, and D ∼ mD′ for some effective D′
as above. Again, let G = Zm denote the Galois group, X is isomorphic
to the quotient Xm/G, and the group G acts on H
1(Xm, TXm) with in-
variant subgroup H1(Xm, TXm) ⊃ H1(Xm, TXm)G. The average over the
group defines a retraction. Next, we identify H1(Xm, TXm)G with the
V -tangent cohomology group
∨
H1(U, T VX ) in the sense of Section 3: The
morphisms C•(U, TXm)G →֒ C•(U, TXm) r−→ C•(U, TXm)G descend to
the cohomology and C•(U, TXm)G ≃ C•(U, T VX ). This argument avoids
any smoothing of invariant differential forms.
Remark 3. The infinitesimal deformations of a framed manifold
(X,D) can be identified with T 1(X,D) = H1(Γ(X,AV,•X (T VX ))) =
H1(U, T VX ) = H1(Xm, TXm)G.
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5. Canonically polarized framed manifolds
Definition 4. A framed manifold (X,D) is called
(i) canonically polarized, if
KX + [D] > 0
(ii) m-framed under the condition
(∗)m KX + m− 1
m
[D] > 0
for some m ≥ 2.
In the sequel we always assume condition (∗)m for some fixed m. We
note that for the Galois covering µ : Xm −→ X with smooth Xm the
relation
µ∗(KX +
m− 1
m
[D]) = KXm
holds. In our applications the divisor D will always be ample so that
condition (ii) is slightly stronger than (i). We will still use the term
”canonically polarized framed manifold” in this case. This will also be
justified later.
Proposition 2. Let D′ ⊂ X be a very ample divisor as above, and
m > 2. Let D ⊂ X be a smooth divisor D ∼ m ·D′ such that
KX +
m− 2
m
D
is very ample. Then the canonical bundle KXm is very ample.
Proof. The sheaf OX(KX + m−1m D) ⊂ µ∗(OXm(KXm)) is a direct sum-
mand. Let Zm ≃ G →֒ Aut(Xm) be the group of deck transformations
with a generator γ, and denote by ζ a primitive m-the root of unity. Let
⊕mj=1Ej be an eigenspace decomposition of the space of global sections
ofKXm with respect to the eigenvalues ζ
j of γ. It follows that the spaces
Ej can be identified with the space of global sections ofKX+(m−j)·D′,
again with j = 1, . . . , m. The pull-backs of sections of such a space are
sections of KXm − (j − 1)A, where A ⊂ Xm, A ≃ D′, is the branching
divisor of µ, so that the identification Γ(X,OX(KX+(m−j)·D′)) ≃ Ej
is a multiplication with a canonical section of [(j − 1)A].
The space E1 clearly separates points, whose image under µ are
different.
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Let p, q ∈ Xm with µ(p) = µ(q) = x. Then there exist sections
of [KX + (m − 2)D′] and [KX + (m − 1)D′] which do not vanish at
x. A suitable linear combination of the induced elements of E1 and
E2 separates p and q. The argument is also applicable to tangent
vectors.
Now we consider the situation given in diagram (5), where S need
not be smooth. Let A ⊂ S × P be the locus of singular divisors D.
Over its complement the direct image of the relative canonical sheaf is
certainly locally free.
We write X ′m := Xm\f−1m (A), T := P × S, T ′ := T\A, and f ′m for
the restriction of the map fm. In a similar way we restrict f˜ := f × id
to T ′ and get f˜ ′ : (X × P )′ −→ T ′.
Proposition 3. The locally free sheaf f ′m∗KX ′m/T ′ possesses a natural,
locally free extension.
Proof. We use the decomposition fm∗KX ′m/T ′ = ⊕m−1j=0 f˜ ′∗(K(X×P )′/T ′ +
j · [D′|(X × P )′]) from the proof of Proposition 2. Now for the family
(X × P )′ −→ T ′, with relatively (very) ample divisor D′, the Kodaira-
Nakano vanishing theorem and the Grothendieck-Grauert comparison
theorem show that for j > 0 the sheaves f˜∗(K(X×P )/T + j · [D′]) are
locally free on T (Here the divisor D′ corresponds to the line bundle
E ′). Let j = 0. Since f ′m∗(KX ′m/T ′) is locally free on T ′, also f˜∗(KX×P/T )
is locally free, when restricted to T ′. On the other hand, it does not
involve the divisor D′, and f˜∗(KX×P/T ) is the pull-back of the direct
image of KX/S, so it is constant along all fibers of T −→ S, and locally
free in the interior, hence also f˜∗(KKX×P/T ) is locally free.
Next, we want to recover the above extension of the relative canonical
sheaf. We have the diagram (5). The fibers of fm are branched along
the Ds with singularities over the singularities of the branching divisors.
By definition the map fm is flat with Cohen-Macaulay fibers. According
to results of Kleiman [KL] for such morphisms relative dualizing sheaves
commute with base change. Again, we denote by the letter ω dualizing
sheaves.
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Now
fm∗(ωXm/T ) ≃ HomOT (Rnfm∗(OXm),OT )
= HomOT ((R
nf∗)(µ∗OXm),OT )
≃ HomOT ((Rnf∗)(⊕m−1j=0 (OX×P (−j · D′)),OT )
≃ f∗HomOX×P (µ∗OXm , ωX×P/T )
Altogether, we have
Lemma 2.
fm∗(ωXm/T ) ≃ ⊕m−1j=0 f∗(ωX×P/T (j · D′)).
In particular, the extension from Proposition 2 equals fm∗(ωXm/T )
(which is compatible with further pull-backs).
Later we will consider this sheaf from a Hodge theoretic viewpoint.
6. Singular Hermitian metrics for families of canonically
polarized framed manifolds
We first recall some facts concerning the period map in the sense of
Griffiths [GRI] for families f : Y −→ S of manifolds with very ample
canonical bundle. We will apply the results to families of the form
fm : Xm −→ S with relative dimension n from Section 4. The direct
image under f of the relative canonical sheaf KY/S is also called Hodge
bundle E0. It is equipped with the flat metric from Rnf∗C. Explicitly,
for any two holomorphic n-forms φ and ψ on a manifold Ys0 we have
(φ, ψ) := (
√−1)n2
∫
Ys0
φ ∧ ψ.
Let ∂/∂s be a tangent vector at a point s0 Then the contraction with
the Kodaira-Spencer class [Aα
s0β¯
∂
∂zα
dzβ¯ ] ∈ H1(Ys0, TYs0 ) induces a linear
map
σ0(
∂
∂s
|s0) : H0(Ys0,ΩnYs0 ) −→ H
1(Ys0,Ωn−1Ys0 ).(6)
The natural metric on the latter space is again induced by the inte-
gration of exterior products of differential forms, after we provide the
fibers with a family of auxiliary K”ahler structures (e.g. of K”ahler-
Einstein type). Following Griffiths [GRI, Theorem (5.2)] the curvature
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Θ0 of this hermitian metric is given by the formula
(Θ0φ, ψ) = (
√−1)n2
∫
Ys0
H
(
σ0(
∂
∂s
)(φ)
)
∧H
(
σ0(
∂
∂s
)(ψ)
)
,(7)
which is defined in terms of cohomology classes. (Here H denotes
the harmonic projection). So Θ0 is semi-positive as well as its trace
tr(Θ0). If tr(Θ0)(
∂
∂s
, ∂
∂s
)|s0 = 0, also Θ0( ∂∂s , ∂∂s)|s0 vanishes. The auxil-
iary K”ahler metric is only needed to show the positivity of the curva-
ture, the metric on the relative canonical bundle is independent of the
choice. The sheaf R1f∗Ω
n−1
Y/S is usually denoted by E1.
Denote by D the period domain of Hodge structures, and by Φ :
S −→ D the induced (multivalued) period map. Then Hom(E0 ⊗OS
C(s), E1⊗OS C(s)) is a subspace of the tangent space of D at the point
Φ(s), and it carries the natural L2-inner product (cf. (7)). We denote
this metric by ds∗0. If S ≃ ∆∗k×∆ℓ, one knows Φ∗ds∗0 ≤ const. ds2Poinc.
On the other hand, for f : Y −→ S, by (7), the trace of the curvature
of the flat metric restricted to a bundle E0 gives exactly ds20. This
argument shows:
Lemma 3. Let Y −→ S, S = ∆∗k × ∆ℓ be a holomorphic family of
canonically polarized manifolds. Let hS be the natural C
∞ hermit-
ian metric on det f∗KY/S. Then the curvature ΘS is semi-positive (in
the sense of C∞-forms), and dominated by a constant multiple of the
K”ahler form ωS induced by ds
2
Poinc.
For effectively parameterized families fm : Xm −→ T and large m the
map σ0 : H
1(Xm,s0 , TXm,s0 ) −→ Hom(H0(Xs0,ΩnXs0 ), H1(Xs0,Ω
n−1
Xs0
)) is in
fact injective. This was shown in a general setting by Ivinskis, and
attributed to Griffiths in [IV] for the special case of cycling coverings.
(The cohomological assumption for [IV, Theorem 2.4] is easily satisfied
for sufficiently high powers m of the line bundles [Ds], which can be
chosen uniformly on the moduli space from the beginning by Noether
induction.)
Now the base S is equipped with the line bundle λfr = det fm∗KXm/T
(which equals the determinant line bundle in the sense of the derived
category, because of the Kodaira vanishing theorem). Then the curva-
ture of the induced hermitian metric h on λ is Θh = tr(Θ0). Altogether:
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Proposition 4. The curvature Θh of (λfr, h) is semi-positive. It is
strictly positive in all directions, where the family is effectively param-
eterized (i.e. where the Kodaira-Spencer map is non-zero).
Now we return to the notation of Section 5. The main theorem is
stated for non-singular base spaces.
Theorem 2. The determinant (invertible) sheaf det fm∗KXm/T carries
a natural positive hermitian metric, whose Lelong numbers vanish ev-
erywhere. Moreover, for all p ∈ N, the exterior powers Θph of its cur-
vature form Θh are well-defined (p, p)-currents, whose Lelong numbers
vanish everywhere as well.
We shall apply the theorem in two different situations: Over the
interior of the moduli space we deal with families of manifolds of the
typeXm, where in the limit we have singular Galois coverings Xm −→ X
(cf. Section 5). Here the key point is that the total space Xm is already
smooth according to Proposition 1 so that we can identify the relative
dualizing sheaf with the relative canonical sheaf. The other situation
occurs at the boundary of the moduli space, where we are free to modify
the boundary.
The theorem follows from the known results in the theory of mixed
Hodge structures. We show here an upper estimate for a singular Her-
mitian metric. Together with the positivity of this metric the vanishing
of the Lelong numbers follows.
Concerning singular base spaces of holomorphic families, we observe
that the L2-inner products (for tangent vectors of the base) are well-
defined for singular bases spaces. For our applications we will need
that the construction is functorial, i.e. compatible with base changes
like restrictions to closed subspaces and desingularizations in the view
of Definition 2.
For a family fm : Xm −→ T (T is smooth), we denote by A ⊂ T the
set of points with singular fibers. Let ν : T˜ −→ T be given by a sequence
of blow-ups with regular centers so that the preimage B ofA is a normal
crossings divisor. Let X˜m −→ Xm ×T T˜ be a desingularization of the of
the component of Xm ×T T˜ that dominates T˜ , with the property that
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the preimage of B is a normal crossing divisor. Let
T˜ T✲ν
X˜m Xm✲ν
′
❄
f˜m
❄
fm
(8)
be the induced commutative diagram. We denote by a prime accent the
restriction of fiber spaces to the resp. complements of normal crossing
divisors.
An argument of Deligne shows that the local monodromy of Rnfm∗C
on T ′ is unipotent around generic points of A, i.e. in codimension one.
And since it is locally abelian on T˜ ′, this holds everywhere. For our
purpose the unipotent reduction is sufficient. We need a local statement
with respect to the base T . The argument is known: Around each
component of the normal crossings divisor B the eigenvalues of the
local monodromy transformation on Rnf˜ ′m∗C are certain roots of unity
[B]. After taking a finite morphism κ : Tˇ −→ T˜ , branched over B˜ the
local monodromy groups become unipotent. We consider
Tˇ T˜✲κ
Xˇm X˜m✲κ
′
❄
fˇm
❄˜
fm
.(9)
The canonical extension of Rnfˇ ′m∗CXˇ ′m ⊗OTˇ ′ to Tˇ ([DL]) is a coherent
sheaf. By a theorem of W. Schmid [S], the subsheaf fˇ ′m∗KXˇ ′m/Tˇ ′ extends
to a locally free sheaf on Tˇ . Kawamata’s theorem [KA] states that this
locally free extension is equal to fˇm∗KXˇm . It is known that also f˜m∗KX˜m
is locally free: Namely as κ′ is a proper holomorphic map of equidi-
mensional complex manifolds, KX˜m ⊂ κ′∗KXˇ is a direct summand, and
hence f˜m∗KX˜m ⊂ f˜m∗κ′∗KXˇm = κ∗fˇm∗KXˇm is a direct summand. Now
the latter is locally free, as fˇm∗KXˇm is a locally free OTˇ -module, and κ
is a finite proper map of complex manifolds. We have KXm = ν
′
∗KX˜m
on the manifold Xm so that fm∗KXm is locally free.
Next, we use W. Schmid’s description of sections of fˇm∗KXˇm around
points of the normal crossing divisor. Let ∆k ≃ U ⊂ Tˇ be an open
subset such that the complement of the normal crossing divisor is U ′ ≃
∆∗ℓ ×∆k−ℓ.
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Let φ be a section of KXˇm over fˇ
−1
m (U). Over U
′ it can be expressed
in terms of a basis {s1, . . . , sM} of multivalued (locally constant) sec-
tions of Rnfˇm∗CXˇm over U
′. So φ =
∑
fν · sν for certain multivalued
holomorphic functions on U ′. According to [S, (4.17)], the holomor-
phicity of φ in points of the normal crossing divisor is equivalent to
the fν having at most logarithmic singularities. Next the L
2-norm is
computed at points t ∈ U ′. (We identify KXˇ with KXˇ/Tˇ ).
‖φ(t)‖2 =
∫
Xˇm,t
φ(t) ∧ φ(t) =
∑
νµ
fν(t)fµ(t) ·
∫
Xˇm,t
sν(t) ∧ sµ(t)
The latter integrals are independent of t, because the si are locally flat
sections. So
‖φ‖2 ≤
ℓ∑
j=1
cj(− log |tj |)
for some constants cj > 0.
The unipotent reduction preserves such estimates so that a similar
estimate (with different constants) also holds for sections of f˜m∗KX˜m .
This implies an estimate for sections of fm∗KXm . We only note the
following rough estimate: Let W ⊂ T be an open subset. Then for any
ψ ∈ (fm∗KXm)(W ) we have
‖ψ(x)‖2 ≤
∑
αj(− log |τj |)
for certain positive constants αj and holomorphic functions τj, which
vanish on A. This proves the following lemma:
Lemma 4. The holomorphic line bundle det(fm∗KXm/T ) carries a sin-
gular hermitian metric h, which is of class C∞ on T\A such that in
local holomorphic coordinates
h ≤
∑
j
βj(− log |τj |)(10)
for certain βj > 0.
Corollary 2. For any x ∈ T = P × S
sup{γ ≥ 0;− log h(z) ≤ γ · log(‖z − x‖2) +O(1)} = 0.
In Proposition 4 we showed that h is a positive singular hermitian
metric so that the corollary implies the theorem for p = 1.
QUASI-PROJECTIVITY OF MODULI SPACES 17
The curvature form Θ satisfies a Poincare´ growth condition on ∆∗ℓ×
∆k−ℓ (cf. Lemma 3), i.e.
Θ ≤ C · √−1
(
ℓ∑
j=1
dtj ∧ dtj
|tj|2 log2 |tj |
+
k∑
j=ℓ+1
dtj ∧ dtj
)
.
In particular all powers Θp define closed (p, p)-currents. These esti-
mates hold for the Hodge metrics over Tˇ , T˜ , and since T˜ −→ T is a
modification of complex manifolds, also the Θph on T are closed cur-
rents.
We show the last statement of Theorem 2.
Let x ∈ P × S be a point and z1, . . . , zk local coordinates such that
x = 0. Let (locally) h = e−u, with u plurisubharmonic, and define
ϕ = log ‖z‖2. For any positive (p, p)-current R and small r > 0 the
quantity ν(R, x, r) is defined by
ν(R, x, r) =
1
r2p
∫
‖z‖<r
R ∧ (ddc‖z‖2)k−p,
and in terms of Demailly’s generalized Lelong numbers
ν(R, x, r) = ν(R,ϕ, log r),
where
ν(R,ϕ, t) =
∫
ϕ(z)<t
R ∧ (ddcϕ)k−p.
In a straightforward way a generalized Jensen formula can be proved:∫ r1
r0
ν((ddcu)p, ϕ, t)dt =
∫
ϕ=r1
u(ddcu)p−1 ∧ dcϕ ∧ (ddcϕ)k−p
−
∫
ϕ=r0
u(ddcu)p−1 ∧ dcϕ ∧ (ddcϕ)k−p
−
∫
r0<ϕ<r1
u(ddcu)p−1 ∧ (ddcϕ)k−p+1
It is known that for any fixed r1
ν((ddcu)p, x) = lim
r−→−∞
(
−
∫ r1
r
ν((ddcu)p, ϕ, t)dt/r
)
.
So we need only to show that the right hand side of the above Jensen
formula is bounded for fixed r1, independent of r. This follows imme-
diately, because
(i) u ≥ −c log(∑j βj(− log |τj|)) by Lemma 4
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(ii) As a plurisubharmonic function u is (locally) bounded from above
(iii) ddcu satisfies a Poincare´ growth condition on T˜ .
7. Convergence property of generalized Petersson-Weil
metrics
We include the definition of generalized Petersson-Weil metrics,
which can also be part of a conceptual approach to an analytic theory
of moduli spaces, relating canonically polarized manifolds to framed
manifolds and m-framed manifolds. However, we will use later families
of m-framed manifolds and Galois coverings instead, and properties of
the period map.
In the first place, generalized Petersson-Weil metrics are intrinsically
defined K”ahler metrics on the base spaces of universal deformations.
Due to functoriality these will be seen to descend to moduli spaces.
In this section, we will assume that for all ε ∈ Q, 0 ≤ ε ≤ ε0 the
divisor
KX + (1− ε)D
is positive. This condition is satisfied for ε0 = 1/m0 in our basic
situation, where (X,D) is m0-framed and D positive. The methods
of [TS1, K1, K2, T-Y] yield unique K”ahler-Einstein metrics ηX,m on
the V -manifolds X˜m (cf. Section 3) of Ricci-curvature −1. As in the
smooth compact case we can see that the V -K”ahler-Einstein metrics
define generalized Petersson-Weil metric on the moduli space of framed
manifolds as follows:
Let D →֒ X −→ S define an effective holomorphic family of framed
manifolds (Xs,Ds)s∈S. Let (X,D) = (Xs0,Ds0). Let m ≥ m0, and
let X˜m be equipped with the K”ahler-Einstein metric ηX,m. For any
v ∈ Ts0S denote by
Am,v = A
α
m,v,β¯
∂
∂zα
dzβ¯ ∈ Γ(X,AV,1X (T VX ))
the representative of the Kodaira-Spencer class of v according to Re-
mark 3 in T 1(X,D), which is harmonic with respect to ηX,m.
Definition 5. Let v, w ∈ Ts0S, and Am,v, Am,w corresponding har-
monic Kodaira-Spencer forms. Then the Petersson-Weil inner product
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is
< v,w >PW=
∫
X
< Am,v, Am,w > ω
n
X,m.
The K”ahler property of the induced form ωPW,m on S can be shown
in the same way as for the case of smooth, canonically polarized vari-
eties. Also a fiber integral formula holds for the Petersson-Weil form,
and a line bundle equipped with a Quillen metric can be constructed,
whose curvature form equals ωPW,m up to a constant [BGS].
On the other hand the tangent cohomology T 1(X,D) can be com-
puted in terms of the complete K”ahler-Einstein metric ωX′ on X
′ =
X\D as the H1(2)(X ′, TX′) the L2-cohomology group of the sheaf of
holomorphic vector fields TX′ [SCH]. The L2-structure on the tangent
cohomology defines a Petersson-Weil metric ωPW,fr on Mfr.
Let ΩX/S be the relative volume form, i.e. a hermitian metric on∧n TX/S, induced by all ηXs,m, and denote by ηX ,m the negative of its
curvature form on the total space. Its restrictions to all fibers are the
K”ahler-Einstein forms on the fibers. Let v = ∂/∂s ∈ TsS be a tangent
vector, and
∂
∂s
+ aα
∂
∂zα
the horizontal lift with respect to ηX ,m. Also in the case of V -structures,
its exterior derivative restricted to the fiber X
∂(aα) =
∂aα
∂zβ¯
∂
∂zα
dzβ¯
equals the harmonic Kodaira-Spencer form Am,v. For a more de-
tailed discussion of the Petersson-Weil inner product and Petersson-
Weil forms for singular base spaces cf. also [F-S].
Denote by ηXs the usual K”ahler-Einstein metrics, and by ηX the
negative of its Ricci form on the total space.
Measuring convergence in Ck,α(X ′)-spaces with respect to quasi-
coordinates on X ′ = X\D the ηX,m tend to the complete K”ahler-
Einstein metric ωX′ on X
′ [TS2]. In a holomorphic family of framed
manifolds, this convergence yields a convergence of the relative volume
forms ΩX/S,m to the relative volume form ΩX ′/S of the smooth K”ah-
ler-Einstein metrics in the spaces Ck,α(X ′), X ′ = X\D. Together with
the above fact about the characterization of harmonic Kodaira-Spencer
forms we see immediately that the harmonic Kodaira-Spencer forms
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Am,v converge to the harmonic L
2-integrable Kodaira-Spencer forms
Afr,v on X
′ with respect to the complete K”ahler-Einstein metrics on
X ′.
Proposition 5. For the generalized Petersson-Weil metrics on moduli
spaces of framed manifolds
lim
m−→∞ωPW,m = ωPW,fr
holds in any Ck-topology. Let m be fixed D →֒ X −→ Sm,fr be a local
universal holomorphic family of m-framed manifolds and Xm −→ X −→
Sm,fr the induced family of branched coverings with Xm,s canonically
polarized such that Sm,fr embeds into a base of a universal family of
canonically polarized manifolds, giving rise to κ : Sm,fr →֒ Sc, where
Sc carries the usual Petersson-Weil form ωPW,can. Then
1
m
κ∗(ωPW,can) = ωPW,m.
We show the second claim: We have the V -structures on the fibers
Xs, and map the usual K”ahler-Einstein metrics to K”ahler-Einstein
V -metrics on the quotients Xm,s/Zm. Any harmonic Kodaira-Spen-
cer V -form lifts to a harmonic Kodaira-Spencer form on Xm,s. the
factor 1/m is due to the integration over m sheets as opposed to the
integration over the V -manifold.
8. Moduli spaces of framed manifolds
In the analytic case, a polarization of a framed manifold (X,D) is
the assignment of a K”ahler class λX ∈ H2(X,R). Polarizations, which
are images of integer valued cohomology classes, coincide with inhomo-
geneous polarizations in the sense of Mumford (cf. [M-F-K]). (Here, we
can also allow rational coefficients and consider Q-divisors.)
The following definition is also sensible for inhomogeneously polar-
ized framed projective varieties (X,D, λX) (over C).
Definition 6. (i) A compact K”ahler manifold X is called uniruled
over a smooth divisor D, if there exists a surjective meromorphic
map ϕ : P1 × Y −→ X with the following properties: The map ϕ
does not allow a meromorphic factorization over pr2 : P1 × Y −→
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Y . The restriction of pr2 to the proper transform of D under ϕ
is a modification.
(ii) A polarized framed manifold (X,D, λ) is called non-uniruled, if
the K”ahler manifold D is non-uniruled, and if X is not uniruled
over D.
In the analytic category, the (coarse) moduli space of non-uniruled
polarized K”ahler manifolds exists.
For non-uniruled, polarized, projective framed manifolds (X,D, λX),
first the Hilbert polynomials P (x) for λX on X and Q(x) for λX |D
are of interest. (If the polarization λX is represented by D, we have
Q(x) = P (x)− P (x− 1)).
Let λX be represented by a basic polar divisor and corresponding
ample line bundle LX . As usual, Matsusaka’s big theorem ([MA, L-M])
is applied to (X,LX): There exists an integer c > 0 only depending on
P (x), such that for all m ≥ c the sheaves m · LX are very ample.
Theorem 3. There exists an algebraic space Mfr in the sense of
Artin, which is the coarse moduli space of isomorphism classes of non-
uniruled, polarized, framed projective manifolds (X,D, λX) with fixed
Hilbert polynomials P (x)and Q(x).
As non-uniruledness is an open and closed condition for polarized va-
rieties, we can also impose the condition that both X , and D are non-
uniruled. Then the assignment (X,D, λX) 7→ (X, λX) (with Hilbert
polynomials fixed) defines a natural map Mfr −→ M of algebraic
spaces, where M denotes the moduli space of uniruled polarized man-
ifolds. If the divisors D are very ample and represent the polarization
λX (and X is non-uniruled), D may also be singular giving rise to a
moduli space M̂ equipped with a natural morphism ν̂ : M̂ −→M.
Proof. First, c > 0 as above is taken and m ≥ c fixed and for all
polarized varieties X with Hilbert polynomial P (x) a corresponding
projective embedding X →֒ PN induced by global sections of m · LX
considered. As subvarieties of PN these X have P (m · x) as Hilbert
polynomials. We denote by HilbP
PN
the Hilbert scheme of all subva-
rieties with P (m · x) in the sense of Grothendieck [GRO]. The locus
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H ⊂ HilbP
PN
of all smooth subvarieties is quasi-projective. Let
X H× PN✲i
f❅❅❅❘
H
❄
pr1
(11)
be the universal flat family. Here the fibers Xs = f−1(s) for s ∈ H
carry the polarization OXs(1) = m · LXs
Next we fix the Hilbert polynomial Q(x) with respect to D and
L|D. Again, by ([GRO]), The´ore`me 3.1 we are looking at a functor
represented by a projective, flat H-scheme ν˜ : Ĥ −→ H equipped with
a universal flat family D −→ Ĥ. The locus Hfr of smooth divisors
Ĥ ⊃ Hfr π−→ H is a quasi-projective variety. Explicitly, let P be the
dual of PN , then Hfr ⊂ Ĥ = H × P is a Zariski open subspace. We
have
D X̂✲
j
❅
❅❅❘
Ĥ
❄̂
f
H✲
ν˜
X✲
❄
f
.(12)
The graph Γ̂ ⊂ Ĥ × Ĥ of the equivalence relation identifying embed-
ded manifolds with singular framings is mapped properly to the graph
Γ ⊂ H×H, which defines the moduli space M of polarized projective
manifolds. By assumption, the natural map Γ −→ H is proper, so Γ̂
also defines a proper equivalence relation. This ensures the existence
of a natural complex structure on M̂. (Observe that this statement
can also be proved in the non-reduced category). Finally M̂ carries the
structure of an algebraic space. The construction is compatible with
the restriction to Hfr. If the above equivalence relations are given by
the action of G = PGL(N +1,C) on Ĥ and H resp. the moduli spaces
M̂, Mfr and M are eventually geometric quotients. In the analytic
case the statement of the Matsusaka-Mumford theorem is also valid
(cf. [SCH]) for framed polarized manifolds.
Later we will consider compactifications of the algebraic spaces M
and M̂ by normal crossings divisors with a morphism M̂ −→ M. We
can assume that it is induced by a flat morphism Ĥ −→ H of compact-
ified Hilbert schemes of the similar type.
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The moduli spaceM is induced by a smooth family of the form (11)
with hyperplane section D′ ⊂ X , such that the very ample divisors D′s
represent a fixed multiple of the polarizations on Xs. Let n = dimXs
as before. According to Fujita’s theorem [FU], the divisors KXs +mD′s
are ample for m ≥ n+ 2. We fix m > dimXs + 3 and represent m[D′s]
by all possible divisors Ds. This gives rise to a diagram of the form
(12). We pull back the divisor D′ to X̂ and obtain a bundle space
E ′ −→ X̂ . Let E −→ X̂ be the bundle associated to D. Like in Section 4
we construct a family of cyclic coverings fm : Xm −→ Ĥ and a diagram
Xm X̂✲
µ
fm
❅
❅❅❘
Ĥ
❄̂
f
(13)
where the branch locus of µ is D ⊂ X̂ . The fibers Xm,s are smooth for
s ∈ Hfr.
Proposition 6. The above construction gives rise to a proper and fi-
nite morphism of algebraic spaces κ : Mfr −→ Mc from Mfr to a
component of the moduli space of canonically polarized (smooth) vari-
eties.
Let (X,D) be a fixed framed manifold with branched covering Xm −→
X as above, and let R˜ and R resp. denote base spaces of universal
deformations. Then there exists a closed holomorphic embedding κ˜ :
R˜ −→ R which induces the map κ in a neighborhood of the corresponding
moduli point, where it is of the form R˜/Aut(X,D) −→ R/Aut(Xm).
Proof. We show the properness of κ. Let (Xj, Dj), j ∈ N be framed
manifolds such that the images under κ of the isomorphism classes are
represented by canonically polarized manifolds Xm,j . Assume that the
isomorphism classes of Xm,j converge to the class of some canonically
polarized manifold Z. We consider a universal deformation Z −→ S
of Z and can assume that the Xm,j are fibers. The space of automor-
phisms AutS(Z) −→ S is mapped properly to the base S with reduced,
0-dimensional fibers. Hence, for a subsequence of the j, the group of
deck transformations of the Xm,j converges to a subgroup of Aut(Z).
Its fixed point set is a smooth divisor, and a subsequence of the (Xj , Dj)
converges to a framed manifold (X,D). The bundle KX + [D] is posi-
tive, since KZ is positive.
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Let (X,D) be a general framed manifold, and (R˜, r˜0) the base of a
universal deformation with fibers (Xr,Dr). We have [D] = m · [D′] by
assumption. As for all r the [Dr] are divisible by m, the given family of
polarized manifolds gives rise to a family Xm −→ R˜ with Galois covering
Xm −→ X . This family is induced by a universal deformation Y −→ R
of Xm. The base change R˜ −→ R must be an embedding by Remark 3.
Let Zm ⊂ Aut(Xm) be the group of deck transformations. It acts
on R leaving the subspace R˜ ⊂ R pointwise fixed, since the group
action can be lifted to all of its fibers. Furthermore, there is a natural
morphism Aut(X,D) −→ Aut(Xm)/Zm so that we have a holomorphic
map R˜/Aut(X,D) −→ R˜/(Aut(Xm)/Zm) ⊂ R/Aut(Xm), which is given
by the action of a finite group.
9. Fiber integrals and determinant line bundles for
morphisms
We will use the method of generalized determinant line bundles. Let
F : Z −→ S be a proper, holomorphic map of complex spaces and L a
coherent OZ-module.
The direct image R•F∗L of L under the proper map F in the derived
category can be locally represented by a sequence F• of finite, free OS-
modules, which is bounded to the right. If the morphism is flat, the
sequence can be chosen as bounded, and the tensor product of the
determinant sheaves of the F i with alternating exponents ±1 is by
definition the determinant line bundle λ = det(L), and the latter is
globally well-defined.
Let L = OZ(L) be a holomorphic line bundle equipped with a her-
mitian metric of class C∞. According to Bismut, Gillet and Soule´,
[BGS], under the assumption of F being a smooth K”ahler morphism
of complex manifolds (or reduced complex spaces [F-S]), the Chern
form of the Quillen metric hQ on det(L) is equal to the component of
degree two of a fiber integral:
c1(λ, h
Q) = −
[∫
Z/S
td(Z/S)ch(L)
]
(2)
,(14)
where td and ch resp. define the Todd and Chern character resp. (This
holds also, when L is replaced by a hermitian vector bundle.)
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By functoriality and universal properties, this equation extends to
L replaced by an element of the Grothendieck group, i.e. a virtual
holomorphic vector bundle. If n denotes the fiber dimension, the
virtual bundle (L − L−1)n+1 has rank zero, and the lowest term in
ch((L − L−1)n+1) is 2n+1c1(L) so that the only contribution of the
Todd character in (14) is equal to 1. Hence the Chern form of
det((L − L−1)n+1) equals
−2n+1
∫
Z/S
c1(L, h)n+1.(15)
Now we return to the situation of moduli spaces like in Section 8.
The Hilbert scheme Hfr carries the determinant line bundle λfr with
singular hermitian metric hfr according to Proposition 4 and Lemma 2.
It is important that the line bundle λfr on Hfr was extended to the
line bundle λ̂ on Ĥ. Let π : Hr −→ H be a desingularization with fiber
product νr : Ĥr −→ Hr and pull-back λ̂r of λ̂. Since νr is a smooth
map, we can apply the above methods. We consider the determinant
bundle det((λ̂r − λ̂−1r )N+1).
We now apply these methods to singular hermitian metrics on sin-
gular spaces (cf. Section 2), and (1, 1)-currents.
So far we are given a smooth holomorphic map ν̂ : Ĥ −→ H and a
holomorphic line bundle on λ̂ on Ĥ, whose restriction λfr toHfr carries
the C∞ hermitian metric hfr with curvature form Θfr.
We use the above arguments to extend the determinant line bundle
det((λ̂− λ̂−1)N+1) as a coherent sheaf from H to H. We denote by Θ̂
the curvature current of λ̂. Let ℓ = dimH. In order to define a fiber
integral ∫
Ĥ/H
Θ̂N+1,
for any (ℓ− 1, ℓ− 1)-form ϕ of class C∞ with compact support, we set
ΘQ(ϕ) =
∫
Ĥ/H
ΘN+1fr ∧ ν˜∗ϕ,
with Θfr = Θ̂|Hfr.
At this point, we may blow up Ĥ with exceptional set in Ĥ\Hfr and
realize Hfr as a complement of a divisor with only normal crossings
singularities so that the assumptions of Lemma 3 are satisfied. The
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upper Poincare´ growth estimate for Θfr implies that the above integral
is finite, and it vanishes, if ϕ is d-exact. So ΘQ is well-defined as a d-
closed (1, 1)-current. Also Lemma 3 implies that ΘQ is positive (in the
sense of currents).
Proposition 7. At all points H the Lelong numbers of ΘQ vanish.
The above statement also holds after descending to the moduli space
at points of the boundary, as we can always achieve the situation of
Section 2 after blowing up the boundary.
Proof. The proof follows immediately from Theorem 2.
Lemma 5. The current (1/2π)ΘQ on H represents the Chern-class of
the bundles det((λ̂− λ̂−1)N+1) on H.
Proof. We use an auxiliary C∞ hermitian metric ha on λ̂ with curvature
form Θa. Then the fiber integral
∫
Ĥ/H
ΘN+1a exists and represents up
to a numerical constant the Chern class c1(det((λ̂ − λ̂−1)N+1)) on H.
On Hfr the difference Θfr−Θa is (globally) of the form
√−1∂∂u. Now
ΘN+1fr =
√−1∂∂u ∧ Ω+ΘN+1a ,
where Ω =
∑N
j=0Θ
j
fr ∧ΘN−ja .
Basic properties of the L2-Dolbeault-complex on ∆∗k × ∆l (cf. [Z])
show that u, and ∂u can be chosen as locally L2-integrable (with respect
to metrics with Poincare´ growth condition). So
∫
Hfr/H
√−1 ∂u ∧ Ω
defines actually a current. We claim that in the sense of currents∫
Hfr/H
√−1 ∂∂u ∧ Ω = −d
∫
Hfr/H
√−1 ∂u ∧ Ω(16)
holds.
In fact, the right hand side applied to a C∞-form with compact
support equals
−d
∫
Hfr
∂u ∧ Ω ∧ ν˜∗dϕ =
∫
Hfr
∂∂u ∧ Ω ∧ ν˜∗ϕ =
(∫
Hfr
∂∂u ∧ Ω
)
(ϕ).
Corollary 3. There exists a singular hermitian metric hQ for det((λ̂−
λ̂−1)N+1) on H, whose curvature is positive in the sense of currents.
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Remark 4. Furthermore, it follows from the construction that for any
subspace of H, in particular for any curve in H, the restriction of
hQ and ΘQ resp. exist as singular metric and d-closed current resp.
If C ⊂ H is a local analytic curve through a point p, representing a
direction, where X −→ H is effective, the current is strictly positive in
this direction.
The latter fact follows immediately, because the form Θfr is strictly
positive on the preimage of C in Hfr.
After blowing up the boundary λQ possesses a line bundle extension
λQ on H. The result of this paragraph concerning Hilbert schemes is
so far:
Theorem 4. The compactified Hilbert scheme H ⊃ H carries a line
bundle λ
Q
with a singular hermitian metric hQ whose curvature ΘQ
is positive. The Lelong numbers vanish everywhere, and ΘQ is strictly
positive in effective directions of the family X −→ H. Moreover, on H
the construction is functorial with respect to base changes of families
concerning the line bundle and its curvature.
In a final step we descend to the moduli space M.
The automorphism groups of the polarized manifolds act on local
universal deformation spaces in a finite way (with uniformly bounded
orders). By functoriality, a certain power (λQ)µ descends from H to
some λM on M. On M the line bundle λQ gives rise to a coherent
sheaf. As µ · ΘQ is invariant under the action of the projective linear
group on H, it descends to a current ΘM on M. We look at the
natural map u : H −→ M extended to u : H −→ M. The current
ΘM will now be extended to M: Let ϕ be a C∞ differential form of
degree (dimM−1, dimM−1) with compact support. We take a closed
subvariety S ⊂ H, so that the map S −→ M is generically finite, and
dominant. The following definition is independent of the choice of S:
ΘM(ϕ) =
∫
M
ΘM ∧ ϕ := 1
α
∫
S
µ ·ΘQ ∧ u∗(ϕ),
where α denotes the generic degree of the map u|S : S −→ M. With
ϕ = dψ we see the closedness of the current. Again, we have a positive
d-closed current ΘM. It realizes the Chern class of λM onM, which is
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the restriction of a coherent sheaf on M. Again, after blowing up the
boundary it possess a line bundle extension λM with a corresponding
singular hermitian metric hM.
Theorem 5. The moduli space M possesses a compactification M as
an algebraic space and a holomorphic line bundle λ with a singular
hermitian metric h of positive curvature form Θh such that
(i) for all p ∈M and any holomorphic curve C ⊂M through p with
C ∩M 6= ∅ the (positive, d-closed) current Θh|C is well-defined,
and the Lelong number ν(Θh|C, p) vanishes,
(ii) for any smooth locally closed subspace Z ⊂ M the current Θh|Z
is well-defined, and Θh|Z ≥ ηZ in the sense of currents, where ηZ
denotes some C∞ hermitian form on Z.
10. L2-methods
In this section, we gather some results based upon H”ormander’s
techniques (cf. also the result by Ohsawa and Takegoshi [O-T]).
Let (Y, ωY ) be a complete K”ahler manifold, and (L, h) be a hermit-
ian line bundle on Y . We write
ωY =
√−1
2
gαβ¯dz
α ∧ dzβ¯,
and use the semi-colon notation for covariant derivatives with respect
to the metric tensor. Moreover the components of the connection form
of the line bundle are
θα =
h;α
h
,
and we use Θαβ = θα;β for the coefficients of the curvature tensor. We
use ∇α to denote covariant derivatives of L-valued tensors, and ‖..‖,
‖..(p)‖ resp. denote norms and pointwise norms resp. Let ϕ = ϕβ dzβ
be any L-valued (0, 1)-form of class C∞. Then
∂
∗
ϕ = −gβ¯α∇αϕβ¯ = −gβ¯α(ϕβ¯;α + ϕβ¯θα)
is the formal adjoint of the ∂-operator.
The rough Laplacian is defined by
∆−ϕ = −gδ¯γ∇γ∇δ¯ϕβ¯dzβ¯ ,
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and the Bochner-Kodaira-Weitzenboeck formula for this situation reads
ϕ = (∂∂
∗
+ ∂
∗
∂)ϕ = ∆−ϕ + gδ¯αϕδ(Rαβ¯ +Θαβ¯)dzβ¯ ,
where Rαβ¯ denotes the Ricci-tensor of ωX . (The contribution Rαβ¯
cancels out, if we replace L by L+KY ). The formula implies
‖∂ϕ‖2 + ‖∂∗ϕ‖2 ≥
∫
Y
ϕβ¯(Rγδ¯ +Θγδ¯)ϕαg
β¯γgδ¯α h g dVω(17)
for all C∞-forms with compact support. According to Andreotti and
Vesentini [A-V] the estimate (17) holds (use cut-off functions) for all
square integrable forms ϕ, for which ∂ϕ and ∂
∗
ϕ, taken in the dis-
tributional sense, are square integrable. Let H1 and H2 resp. be the
Hilbert spaces of square integrable L-valued (n, 0)- and (n, 1)-forms
resp. Then the exterior derivative ∂ is a densely defined closed opera-
tor T : H1 −→ H2 whose adjoint T ∗ is given by ∂∗ (cf. [A-V]).
Proposition 8. Let (Y, ωY ) be a K”ahler manifold, which possesses
also a complete K”ahler metric, and let (L, h) be a holomorphic line
bundle, with a singular hermitian metric, whose Lelong numbers vanish
everywhere. Suppose that
Θh ≥ c(p) · ωY
for some continuous, everywhere positive function c(p) on Y . Then for
any L-valued (n, 1)-current v with ∂v = 0, and∫
Y
1
c(p)
‖v(p)‖2dVω <∞
there exists an L-valued current u with ∂u = v and∫
Y
‖u(p)‖2dVω ≤
∫
Y
1
c(p)
‖v(p)‖2dVω.
Proof. We assume first that h is of class C∞ and that ωY is complete.
We follow the argument of H”ormander and Demailly. The closed
subspace F ⊂ H2 of all ∂ closed forms contains the range of T , and T ∗
vanishes on the orthogonal complement of F so that we can consider
T as an operator from H1 to F , and T
∗ as an operator from F to H1.
Now (17) implies for all g ∈ F , contained in the domain of T ∗ with∫
(1/c(p))‖v(p)‖2 <∞ that
‖T ∗(g)‖2 ≥
∫
Y
c(p)‖g(p)‖2dVω.
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For any g, v ∈ F , with g in the domain of T ∗ and ∫ (1/c(p))‖v(p)‖2 <
∞, we have
|(g, v)|2 ≤
∫
Y
1
c(p)
‖v(p)‖2dVω ·
∫
Y
c(p)‖g(p)‖2dVω,
hence
|(g, v)| ≤
(∫
Y
1
c(p)
‖v(p)‖2dVω
)1/2
· ‖T ∗(g)‖.
For any such v there is a continuous linear functional on the range of T ∗
sending T ∗g to (g, v). The Hahn-Banach theorem implies the existence
of some u ∈ H1 such that (T ∗g, u) = (g, v) for all g in the domain of
T ∗, i.e. v = Tu. Moreover ‖u‖2 ≤ ∫
Y
(1/c(p))‖v(p)‖2dVω.
This result was extended by Demailly to arbitrary K”ahler metrics
in [DE1]. The generalization to singular hermitian metrics is due to
Nadel [NA].
11. Multiplier ideal sheaves
Let (L, h) be a singular hermitian line bundle on a complex manifold
M . The sheaf L2(L, h) of square-integrable sections with respect to h
is defined by
L2(L, h)(U) = {σ ∈ Γ(U,OM(L)); h(σ, σ) ∈ L1loc(U)},
for open subsets U ⊂ M . There exists an ideal sheaf I(h), called
multiplier ideal sheaf such that
L2(L, h)(U) = (OM(L)⊗ I(h))(U)
holds. If we write h = e−ϕ · h0, where h0 is a hermitian metric of class
C∞, and ϕ ∈ L1loc(M) is the weight function, we see that
I(h) = L2(OM , e−ϕ)
holds. We also use the notation I(ϕ) for this sheaf.
For any modification π : M˜ −→ M of complex manifolds, and any
plurisubharmonic function χ the following identity of multiplier ideal
sheaves is known (cf. [DE4, Prop. 5.8]):
π∗(OM˜(KM˜)⊗ I(χ ◦ π)) = OM (KM)⊗ I(χ).(18)
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Definition 7. A plurisubharmonic function ϕ on a complex manifold
is said to have analytic singularities, if locally
ϕ = α log(
k∑
1
|fi|2) + ϕ0,
where the fi denote holomorphic functions, ϕ0 is a C
∞-function, and
α ∈ R+.
If σi are global sections of a line bundle L,
hα =
e−ϕ0
(
∑ |σi|2)α
defines a singular hermitian metric of positive curvature. In the above
sense it will be called a metric with analytic singularities or algebraic
singularities resp. (In the latter case α ∈ Q+ is also required.)
In the above situation the holomorphic functions fi define some ideal
J ⊂ OM . We blow up M along the ideal J , desingularize in a way
such that the exceptional set of the blow-up becomes a normal crossing
divisor D =
∑
DI . We call the resulting modification π : M˜ −→ M .
Now
KM˜ = π
∗KM +R,(19)
where R =
∑
ρjDj, ρi ∈ N is the exceptional divisor of π on M˜ .
The pull-back of
∑ |fi|2 to M˜ is of the same type, with zero-set equal
to D, so it is of the form
∏ |τi|2βi(1 +∑ |f˜j|2), so
ϕ ◦ π =
∑
βi log |τi|2 + ϕ˜0,(20)
where {τi} are defining functions of {Di}, βi ∈ R≥0, and ϕ˜0 is some
C∞-function. In this case the multiplier ideal sheaf can be computed
explicitly as
I(ϕ ◦ π) = OM˜(−
∑
⌊βi⌋Di),(21)
where ⌊βi⌋ is the Gaussian bracket. Together with (18) this implies
I(ϕ) = π∗OM˜
(∑
(ρi − ⌊βi⌋)Di
)
.(22)
In particular, I(ϕ ◦ π) is locally free.
32 GEORG SCHUMACHER AND HAJIME TSUJI
Proposition 9. Let ∆n ⊂ Cn be a polydisk, ϕ a plurisubharmonic
function with analytic singularities on ∆n, and ψ a plurisubharmonic
function such that
√−1∂∂ψ is absolutely continuous on any local holo-
morphic curve C ⊂ ∆n with ϕ|C 6≡ −∞.
Then, after replacing ∆n by any smaller, relatively compact polydisk,
there exists real numbers γ arbitrarily close to 1 such that
I(γ · ϕ) = I(γ · ϕ+ ψ)
holds.
Proof. In the sequel, we always allow ∆n to be replaced by a slightly
smaller polydisk. We first apply the above modification to M = ∆n
with respect to ϕ. Then we perform a further sequence of blow-ups
and get a modification π : ∆˜ −→ ∆n so that also J = I((ϕ + ψ) ◦ π)
is locally free, and such that with M˜ = ∆˜ the exceptional divisor is of
the above form D =
∑
Di. We still have (20,21) for ϕ.
For any point x ∈ ∆˜\D the function ϕ ◦ π is of class C∞, and
ψ ◦ π is absolutely continuous, when restricted to curves through x.
Hence the Lelong number ν((ϕ + ψ) ◦ π, x) vanishes. By [BO, SK]
we have Jx = O∆˜,x. So J is locally free with V (J ) ⊂ D. Hence
J = O∆˜(−
∑
β ′iDi) for some nonnegative integers β
′
i.
Next, we use (19) as above and get
I(α · ϕ) = π∗(O∆˜(
∑
(ρi − ⌊αβi⌋)Di)(23)
for all α > 0.
We chose α so that αβi 6∈ Z for all βi 6= 0. Next, we compute Lelong
numbers. Let x ∈ ∆˜ and C˜ ⊂ ∆˜ a local analytic curve through x. If
π(C˜) is a point, at which ψ is different from −∞, the Lelong number
of ψ ◦ π vanishes. If π(C˜) is a curve C, the assumption that ψ|C is
absolutely continuous implies that ν(ψ ◦ π|C˜, x) = 0. Because of the
additivity of Lelong numbers ν(π∗(αϕ+ ψ)|C˜, x) = ν(π∗(αϕ)|C˜, x).
So far ν(π∗(αϕ + ψ), x) = ν(π∗(αϕ), x) holds on ∆˜. For any point
x ∈ Di\
∑
j 6=iDj this Lelong number is equal to νi := αβi 6∈ Z.
The latter fact allows us to compute the multiplier ideal sheaf from
the Lelong number: As it is locally free and the space is smooth, it is
sufficient to compute it for points on the regular part of the normal
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crossings divisor D. Let Di be the zero set of a coordinate function τi.
Then
0 ≤ ν(|τi|2⌊νi⌋e−(αϕ+ψ)◦π , x) < 1
at some x ∈ Di\
⋃
j 6=iDi. It follows from [BO, SK] that
I(|τi|2⌊νi⌋e−(αϕ+ψ)◦π)x = O∆˜,x
i.e. τ
⌊νi⌋
i ∈ I((αϕ+ ψ) ◦ π)x. We need to see that no lower power τki is
contained in this multiplier ideal sheaf.
From the Lelong number of h, we get the known lower estimate
h ≥ C‖z − x‖2νi .
We use this estimate on a local analytic curve Cx, which intersects Di
in x transversally. So
∫
Cx
h|τi|2kdVCx =∞. The same argument is used
for points on Di near x. By Fubini’s theorem τ
k
i is not in the multiplier
ideal sheaf. Now equation (18) implies the claim.
Remark 5. The above proposition is still valid for the wider class
of those plurisubharmonic functions, which differ from a plurisubhar-
monic function with analytic singularities, by a function, which is
bounded by c · log(− log δ(x))), where c > 0 is a constant, and δ is
the distance of x from the singular set.
12. A criterion for quasi-projectivity
Let X be a not necessarily reduced algebraic space with compactifi-
cation X in the sense of algebraic spaces, and let L be a holomorphic
line bundle on X with a positive singular hermitian metric h in the
sense of Section 2.
Condition (P). We say that the positivity condition (P) holds, if
(i) for all p ∈ X and any holomorphic curve C ⊂ X through p with
C ∩ X 6= ∅ the (positive, d-closed) current Θh|C is well-defined,
and the Lelong number ν(Θh|C, p) vanishes,
(ii) for any smooth locally closed subspace Z ⊂ X the current Θh|Z
is well-defined, and Θh|Z ≥ γZ in the sense of currents, where γZ
denotes some C∞ hermitian form on Z.
Now we state the criterion.
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Theorem 6. Let X be an irreducible, not necessarily reduced algebraic
space with a compactification X. Let L be a holomorphic line bundle
on X. The map
Φ|mL| : X ⇀ PN(m),
where N(m) = dim |mL|, defines an embedding of X for sufficiently
large m, if it satisfies condition (P).
We will prove the theorem by induction over n = dimX . The case
n = 1 is obvious: Let X be an algebraic curve. If X is smooth, the
assumption implies that deg(L) > 0. Let X be a singular curve and
π : X˜ −→ X be the normalization. Then deg(π∗L) > 0 from the
assumption so that L⊗ℓ defines an embedding of X into a projective
space.
13. Bigness of L
Let X be a reduced, compact complex space of dimension n, and
L = OX(L) ∈ Coh(X) an invertible sheaf.
Definition 8. The sheaf L is called big, if
lim sup
m−→∞
1
mn
h0(X,L⊗m) > 0.
In the sequel we denote by ν : Y −→ X The normalization of the
(not necessarily locally irreducible) space X , and by ρ : Z −→ Y a
modification such that Z is smooth. If X is a Moishezon space, we
assume also that Z is projective. Let π = ρ ◦ ν.
Proposition 10. The following are equivalent:
(i) L is big
(ii) ν∗L is big
(iii) π∗L is big
Proof. We show that (ii) implies (i): Consider the exact sequence of
OX -modules
0 −→ OX −→ ν∗OY −→ C −→ 0,
where supp(C) ( X is nowhere dense, and
0 −→ L⊗m −→ ν∗ν∗L⊗m −→ C ⊗ L⊗m −→ 0.
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The claim follows, because h0(supp(C),L⊗m ⊗ C) = O(mn−1), and
h0(Y, ν∗L⊗m) ∼ mn .
The other implications are obvious.
For any m > 0 with h(X,L⊗m) > 0 we denote by ΦL⊗m : X −→ PN ,
N = N(m) the meromorphic map induced by global sections.
Proposition 11. Let X be a (reduced) Moishezon space then the fol-
lowing are equivalent:
(i) L is big
(ii) ΦL⊗m : X −→ PN embeds some Zariski open subset of X.
(iii) dimΦL⊗m(X) = dimX
Proof. We need to show that (i) implies (ii), the remaining implications
are clear.
We consider as above the normalization and desingularization maps
with Z projective. By Proposition 10, π∗L is big on Z. Let A be a
very ample invertible sheaf. By Kodaira’s lemma (cf. [K-O, App.]), for
some m > 0 the sheaf π∗L⊗m ⊗A−1 possesses a non-zero section with
zero divisor E so that the sections of π∗L⊗m yield an embedding of
Z\E into some PN . As H0(Z, π∗L⊗m) = H0(Y, ν∗L⊗m), the invertible
sheaf ν∗L⊗m gives rise to an embedding of some Zariski open subset of
Y into PN . Consider
0 −→ OX −→ ν∗OY −→ C −→ 0.
Let I ⊂ OX be the annihilator of C. The zero set V (I) ⊂ X , con-
sisting of all non-normal points of X , is nowhere dense. We have
I·ν∗OY ⊂ OX . Let J = π∗I ⊂ OZ . As J ·A⊗ℓ is globally generated for
some ℓ > 0, the linear system H0(Z,J ·A⊗(ℓ+1)) ⊂ H0(Z,A⊗(ℓ+1)) em-
beds Z\V (J ) into some projective space. Next, the multiplication with
a canonical section ofOZ((ℓ+1)·E) defines a mapH0(Z,J ·A⊗(ℓ+1)) −→
H0(Z,J · π∗L⊗(ℓ+1)) ⊂ H0(Z, π∗L⊗(ℓ+1)) = H0(X, ν∗ν∗L⊗(ℓ+1)), whose
composition with H0(X, ν∗ν
∗L⊗(ℓ+1)) −→ H0(X, C ⊗ L⊗(ℓ+1)) is identi-
cally zero. So the image of H0(Z,J · A⊗(ℓ+1)) in H0(Z,J · π∗L⊗(ℓ+1))
is contained in the subspace H0(X,L⊗(ℓ+1)). Hence global sections of
L⊗(ℓ+1) embed a Zariski open subset of X .
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We return to the situation of Theorem 6. To show that L is big on
the reduced space, we do not need that the Lelong numbers of h vanish.
However, we give the more general argument.
Let U ⊂ Xreg be a Zariski open subset, which is quasi-projective. We
can find a projective compactification U together with a modification
γ : U −→ X such that the divisor D = U\U has only normal crossings
singularities and such that the singular hermitian metric h extends from
U to U as a singular hermitian metric on γ∗L (cf. Section 2. As usual
one can construct a complete K”ahler form ηU on U with Poincare´
growth near the boundary from a K”ahler form on U and a canonical
section of D.
Lemma 6. Let x ∈ U be a point. Then there exists some m0 > 0 so
that for any m ≥ m0 there is a section
σ ∈ H0(2)(U,OU(KU +mL))
with σ(x) 6= 0.
Proof. We use Kodaira’s argument. Let W = {(z1, . . . , zn)} ⊂ U be a
coordinate neighborhood and ρ a cut-off function with support in W ,
which is identically equal to one a relatively compact neighborhood of
x contained in W and has values between 0 and 1. We set
ψx = ρ(z) · n · log(
∑
|zi|2).
There exists some m0 > 0 and a continuous strictly positive function
c˜(p) on U so that
√−1∂∂ψx +m0 ·Θh ≥ c˜(p) · ηU .
Let m ≥ m0. We chose a local section σx ∈ H0(W,KX +mL) on W
with σx(x) 6= 0 and set
f = ∂(ρσx).
By assumption that h has absolutely continuous curvature on U , so
the Lelong numbers vanish on all curves, and by the argument from
Section 11 the multiplier ideal sheaf is equal to the structure sheaf, and
h is in L1loc(U). Moreover f vanishes identically in a neighborhood of
x. So ∫
U
1
c˜(p)
e−ψx ||f ||2dVη <∞,
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and Proposition 8 implies the existence of a (n, 0)-form u of class C∞
(since f is of class C∞) with values in mL such that
∂u = f,
and
(
√−1)n2
∫
U
e−ψxhmu ∧ u <∞.
The finiteness of the above integral (plus the fact that h is bounded
from below, and that u is holomorphic on some neighborhood of x)
imply that u(x) = 0. Now we can see that
σ = ρ · σx − u
is an element ofH0(2)(U,OU(KU+mL)), which does not vanish at x.
In a similar way, by taking two points and directions at a point we
obtain the following lemma.
Lemma 7. For any compact set K ⊂ U there exists a number m(K) >
0 so that for all m ≥ m(K) the linear system |H0(2)(U,OU(KU +mL))|
gives an embedding of K into a projective space.
We have the following extension property:
Lemma 8. There is a canonical embedding:
H0(2)(U,OU(KU +mL)) →֒ H0(U,OU(KU +mγ∗L))
Proof. In our situation h possesses an extension h˜ as a singular metric
on γ∗L with positive curvature in the sense of Definition 2. In partic-
ular, h˜ is locally bounded from blow by a positive constant. For any
σ ∈ H0(2)(U,OU(KU +mL)) we have
(
√−1)n2
∫
U
h˜mγ∗σ ∧ γ∗σ <∞.
So γ∗σ extends holomorphically to U .
We are given a singular hermitian metric on L over the singular
complex space X, which amounts to a singular hermitian metric h on
Xreg, which can be extended from U as a singular metric h˜ on γ
∗L
over U . The latter defines a multiplier ideal sheaf I(h˜m) ⊂ OU which
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is defined by the following property: For all open subsets W ⊂ U the
space
(OU(KU +mγ∗L)⊗ I(h˜m))(W )
consists of all
σ ∈ OU(KU +mγ∗L)(W ∩ U)
such that
(
√−1)n2
∫
V
h˜mσ ∧ σ <∞
for all V ⊂⊂W .
Definition 9. A bundle (L, h) is called big in the sense of singular
hermitian bundles, if
lim sup
m−→∞ m
−nh0(U,OU(mγ∗L)⊗ I(h˜m)) > 0
holds.
For any such bundle, the pull-back L̂ of L to the normalization
X̂ −→ X satisfies lim supm−→∞m−nh0(X̂,OX̂(mL̂)) > 0. According to
Proposition 10, any such bundle is big in the usual sense, and Proposi-
tion 11 guarantees that associated linear systems embed certain Zariski
open subsets.
We claim:
Proposition 12. The above line bundle (L, h) is big.
Proof. Let
0 6= σ0 ∈ H0(2)(U,OX(KX +m0L)),
be a section, which we extend to U . We denote by D0 ⊂ U the zero
divisor. Next, we consider the restriction morphism
rm : H
0
(2)(U,OX(KX +mL)) = H0(U,OU(KU +mγ∗L)⊗ I(h˜m))
−→H0(D0,OD0(KU +mγ∗L)).
Since
h0(D0,OD0(KU +mγ∗L)) = O(mn−1),
and
lim sup
m−→∞ m
−n dimH0(2)(U,OX(KX +mL)) > 0,
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we see that
lim sup
m−→∞ m
−n dimker rm > 0.
Now
ker rm ⊂ H0(U,OU(KU +mγ∗L)⊗ I(h˜m)) ∩H0(U,OU(m−m0)γ∗L).
Since h˜ is locally bounded from below by some (positive) constant (in
the appropriate measure theoretic sense) I(h˜m) ⊂ I(h˜m−m0) holds. So
ker rm ⊂ H0(U,OU((m−m0)γ∗L)⊗ I(h˜m−m0)).
We state the following general fact, which implies that the above line
bundle L, pulled back to a desingularization is nef.
Proposition 13. Let Y be a projective manifold and (L, h) a positive,
singular hermitian line bundle, whose Lelong numbers vanish every-
where. Then L is nef.
Proof. Let A be an ample line bundle on X . For any y ∈ Y one
considers a finite, locally free resolution
P• −→ mY,y
of the maximal ideal at y. Then we chose a multiple ℓ(y) · A so that
all Pj ⊗ K−1Y (ℓ(y) · A) are positive. The value for ℓ(y) can be taken
uniformly in a neighborhood of y. So we choose ℓ0 uniformly on Y
with this property. As the Lelong numbers vanish, the multiplier ideal
sheaves I(hm) are equal to OY for all m > 0. So Hq(Y,Pr ⊗O(ℓ0A +
mL)) = 0 for all r and q,m > 0 by the Nadel vanishing theorem.
Now H1(Y,mY,y ⊗ OY (ℓ0A + mL)) = 0 for m > 0, and the sheaves
OY (ℓ0A + mL) are globally generated. So OY (ℓ0A +mL) is globally
generated, in particular nef. Hence L+ ℓ0
m
A is nef for all m > 0. With
m −→ ∞ the claim follows.
14. Embedding of non-reduced spaces
Proposition 14. Let X be a compact complex space, which possesses
a holomorphic line bundle L, whose restriction to the reduction Xred is
ample. Then L is ample.
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Proof. Let OXred = OX/I, and Xj = (Xred,OX/Ij+1) so that Xred =
X0 and X = Xk for some k. Let L = OX(L), and L0 = L|X0. Now
(Ej) 0 −→ Fj −→ OXj+1 −→ OXj −→ 0
where Fj = Ij+1/Ij+2 is a coherent OX0-module.
We can assume from the beginning that L0 is very ample on X0,
and that H1(X0,Fj ⊗ L⊗ℓ) = 0 for all ℓ > 0, and j = 0, . . . k − 1,
furthermore that Fj ⊗L⊗ℓ is globally generated for all j, and all ℓ > 0.
Now for all ℓ > 0 the map H0(X,L⊗ℓ) −→ H0(X0,L⊗ℓ0 ) is surjective.
So we have a holomorphic map Φ|L| : X −→ PN , whose restriction Φ0
to X0 is an embedding, i.e OPN −→ OX followed by OX −→ OX0 is
surjective. We show by induction over j the existence of compatible
maps αj : OPN(j) −→ OXj . (In each step the number N will have to be
raised.)
We assume thatOPN −→ OXj is surjective. The pull-back of the small
extension (Ej) of sheaves of analytic C-algebras with respect to this
map induces the direct sum of spaces Xj+1 ⊕Xj PN . As the surjective
morphism αj can be lifted to the morphism αj+1, the induced small
extension is trivial: we have the following diagram.
0 −−−→ Fj −−−→ OXj+1 −−−→ OXj −−−→ 0∥∥∥ surjx surjxαj
0 −−−→ Fj −−−→ OPN [Fj] −−−→ OPN −−−→ 0
Denote by i : Xj+1 →֒ PN [Fj] and τ : PN [Fj] −→ PN resp. the embed-
ding and projection resp. Then i∗τ ∗OPN (1) = L. So in
0 −→ Fj ⊗ L0 −→ (OPN [Fj])⊗OPN (1) −→ OPN −→ 0
we can identify the middle term with OPN (1)[Fj ⊗ L0]. Let
{σ0, . . . , σN} ⊂ H0(PN ,OPN (1)) be a basis, and let Fj ⊗ L0 be
generated by global sections τq, . . . , τr. Let ǫ
2 = 0. Then the
σ0, . . . , σN , ǫτ1, . . . , ǫτr give rise to an embedding PN [Fj] →֒ PN+r. Al-
together OPN+r −→ OXj+1 is surjective.
We need the above statement in a more general situation.
Let Z be a non-reduced complex space equipped with a holomorphic
line bundle L, L = OZ(L). Let X = red(Z), and let X ⊂ X be a
Zariski open subset. We denote by Z the restriction of the non-reduced
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structure to X . We consider the meromorphic map Φ = Φ|L|X | : X →֒
PN .
Proposition 15. Assume that Φ|X : X −→ PN is an embedding, and
let L be also nef. Then for some multiple ℓ0 the meromorphic map
Φ|ℓ0L| : Z −→ PM defines an embedding of an open subspace of Z.
Proof. First, we take a (projective) desingularization of X , and pull
back the meromorphic map Φ. Then we eliminate the indeterminacy
set by a sequence of blow-ups with smooth centers. This procedure
is locally done by embedding the space in a smooth ambient space,
blowing up the ambient space along smooth centers several times, and
by taking in each step the proper transform of X . We take locally
embeddings of X, which extend to embeddings of Z. However, in
general there exist no proper transforms of non-reduced spaces. So in
all steps, we take the full pre-image under the monoidal transformation,
and arrive at a space ρ∨ : Z˜∨ −→ Z together with the restriction π :
X˜ −→ X , which allows a morphism Ψ : X˜ −→ PN . We denote by Zk ⊂ Z
the k-th infinitesimal neighborhood of the compact manifold X in Z
so that Z0 = X and Zk0 = Z for some k0 > 0. We consider the k-th
infinitesimal neighborhoods Z˜k of X˜ in Z˜
∨, and we define Z˜ := Z˜k0 ,
and we denote the map to Z by ρ. The infinitesimal neighborhoods
give rise to short exact sequences
0 −→ Fj −→ OZ˜j+1 −→ OZ˜j −→ 0,
where the Fj are coherent OX˜ - modules.
Let n = dimX . Denote by L˜ the pull-back of L to Z˜. We claim
that (for any fixed j) h1(X˜,Fj(ℓ · L˜|X˜))O(ℓn−1): The bundle L|X˜ is
big. After replacing L˜ by a multiple we write L˜|X˜ = A + E, where A
is ample and E is effective by Kodaira’s lemma. As X˜ is projective
and L is nef and big, we can fix a K”ahler form ηX˜ and find hermitian
metrics hr on L˜|X˜ such that the curvature of hr is greater or equal to
−(1/r)ηX˜ for all r > 0. This shows the existence of some m0 such that
H1(X˜,Fj ⊗OX˜(mA+ ℓL˜)) = 0
for all m ≥ m0 and ℓ > 0.
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Let mE denote the non-reduced space with support E, induced by
the divisor mE. Then
0 −→ Fj(mA+ ℓL˜) −→ Fj((m+ ℓ)L˜) −→ Fj((m+ ℓ)L˜)|mE −→ 0
is exact, and for m ≥ m0
0 −→ H1(X˜,Fj((m+ ℓ)L˜)) −→ H1(mE,Fj((m+ ℓ)L˜)|mE)
as well.
We fix m = m0 and look at ℓ ≫ 0. Then h1(X˜,Fj((m0 + ℓ)L˜)) =
O(ℓn−1). Now
H0(X˜,OX˜j+1((m0 + ℓ)L˜)) −→ H0(X˜,OX˜j((m0 + ℓ)L˜))
−→ H1(X˜,Fj((m0 + ℓ)L˜))
is exact, and h0(X˜,OX˜j (m0+ℓ)L˜) grows like ℓn, because we can assume
by induction that high powers of L˜ embed a Zariski open subset of X˜j ,
so h0(X˜,OX˜j+1((m0 + ℓ)L˜)) ∼ ℓn. This means that the sections of
H0(X˜,OX˜j+1((m0 + ℓ)L˜)) define a meromorphic map Ξ : X˜j+1 −→ PM ,
which embeds an open subset W ∩X˜ , W ⊂ X˜j+1 of the reduction X˜(cf.
Proposition 11). We assume that W is closed in some open set PM\A.
The sets A and W can also be chosen in a way that
0 −→ Ξ∗Fj|PM\A −→ Ξ∗OZ˜j+1 |PM\A −→ Ξ∗OZ˜j |PM\A −→ 0
is still exact. As in the proof of Proposition 14 we consider the fibered
sum of complex spaces W ⊕W∩X˜j (PM\A), which is isomorphic to the
trivial extension (PM\A)[Fj |W ], which is clearly quasi-projective. The
rest follows like in the proof of Proposition 11.
15. Proof of the quasi-projectivity criterion
We first need the following fact:
Lemma 9. Let π : Y −→ X be a proper holomorphic map of reduced,
compact not necessarily normal complex spaces. Let S ⊂ X be a closed
subspace such that π is an isomorphism over X\S. Let I = IS ⊂ OX
be the vanishing ideal of S. Then for any coherent sheaf F on X there
is a number m > 0 and morphism µ : ImS · (π∗π∗F) −→ F , which is an
isomorphism over X\S.
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Proof. We consider the short exact sequence 0 −→ F −→ π∗π∗F −→
C −→ 0, where supp(C) ⊂ S. Now the zero set of the annihilator ideal
V (AnnOX (C)) is contained in S so that Im · C = 0 for some m > 0.
We consider the situation of Theorem 6 and assume thatX is reduced
and irreducible. Let
S = {x ∈ X ; |mL| does not define an embedding around x for all m > 0}.
From Proposition 12, we know that the line bundle L in X is big,
and by Proposition 11 the linear system |mL| provides an embedding
of some Zariski open subspace. Using Noether induction, we see that
there is a number m0 > 0 such that Φ|m0L| embeds X\S. In particular,
it embeds X , if S is empty.
Lemma 10. Let F be a coherent OX-module. Then there exists some
ℓ0 > 0 such that for all ℓ ≥ ℓ0 the sheaf F ⊗OX(ℓm0L) is generated by
global sections at all points x ∈ X\S.
Proof. Let Φ = Φ|m0L|, and denote the graph of Φ by ΓΦ. We have a
diagram
X PN
✲
Φ
Ψ
❅
❅❅❘
ΓΦ
❄
π
.
Let S˜ = S ∪ (X\X), T = Ψ(π−1S˜), and IT ⊂ OPN the corresponding
ideal. According to Serre’s theorem, for anym1 the sheaf Im1T ·Ψ∗π∗F⊗
OPN (ℓ) is generated by global sections for all ℓ ≥ ℓ0(m1) > 0.
From the construction, we have a morphism of sheaves Ψ∗OPN (1) −→
π∗OX(m0L), which is an isomorphism over ΓΦ\π−1(S˜). We have the
following morphisms.
Im1T · (Ψ∗π∗F)⊗OPN (ℓ) −→ Im1T ·Ψ∗π∗(F ⊗OX(m0ℓL))
−→ Ψ∗(Im1π−1S˜ · π
∗(F ⊗OX(m0ℓL)))
Now
H0(PN , Im1 · (Ψ∗π∗F)⊗OPN (ℓ)) −→ H0(ΓΦ, Im1π−1S˜ · π
∗(F ⊗OX(m0ℓL)))
= H0(X, π∗(Im1π−1S˜π
∗F)⊗OX(m0ℓL)) −→
H0(X, Im2
S˜
· π∗π∗F ⊗OX(m0ℓL)) −→ H0(X,F ⊗OX(m0ℓL)).
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Here, we chose m1 ≫ 0 large enough so that a corresponding m2 sat-
isfies Im2
S˜
π∗π
∗F ⊂ F .
Over X\S the above morphism of sheaves are isomorphisms so that
we can produce enough global sections, which generate F ⊗OX(m0ℓL)
over X\S.
In the above situation we also need the case, where F is an ideal in
I ⊂ OX . If X is smooth or normal, we have automatically π∗π∗I = I.
Definition 10. Let Y be a reduced complex space of pure dimension
n. The L2-dualizing sheaf ω
(2)
Y of Y is defined by
ω
(2)
Y (W ) = {η ∈ Γ(Wreg,O(KYreg));
(
√−1)n2
∫
V
η ∧ η¯ <∞ for every V ⊂⊂ W},
where W runs through the open sets of Y .
If α : Y˜ −→ Y is a desingularization such that the singular locus
of Y corresponds to a normal crossings divisor in Y˜ , we have ω
(2)
Y =
α∗OY (KY ). In particular, ω(2)Y is coherent.
Now we set
S+ = {x ∈ X ;ω(2)X ⊗L⊗m is not generated by global sections at x for all m},
and
S− = {x ∈ X ;ω(2)∨X ⊗L⊗m is not generated by global sections at x for all m}.
Now, by definition S+ ∪ S− ⊃ S, and the converse inclusion follows
from Lemma 10, so
S+ ∪ S− = S.
Let R be the non-normal locus of X . We denote by IS˜∪R ⊂ OX the
ideal of functions that vanish on S˜ ∪ R. Lemma 10 implies that there
exists m1 > 0 such that OX(m0m1L) ⊗ IS˜∪R is generated by global
sections at all points x ∈ X\S. Let {σ0, . . . , σN(m0m1)} be a C-basis of
Γ(X,OX(m0m1L)⊗ IS˜∪R). Then
h0 =
1∑ |σi|2
defines a singular hermitian metric on m0m1L over the space X , whose
singularities are contained in S˜ ∪R. Let m+ and m− resp. be integers
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such that ω
(2)
X
⊗OX(m+m0L) and ω(2)∨X ⊗OX(m−m0L) are generated
by global sections over X\S. Let {σ+,k} be a basis for the space of
sections of the former sheaf over C. We define a hermitian metric h+
on ω
(2)
X
⊗OX(m+m0L) by
h+ =
1∑ |σ+,k|2 .
In a similar way a metric h− on ω
(2)∨
X
⊗ OX(m−m0L) is constructed.
These metrics are so far only well-defined, where the sheaves are locally
free, i.e. at least on (X)reg. We chose a desingularization π : X˜ −→
X in such a way that also π∗ω
(2)
X
is invertible (after dividing by the
torsion part). Then the pull-backs of the sections σ+,k and σ−,k define
singular hermitian metrics over X˜ on the corresponding line bundles.
We impose a further condition: Let U ⊂ Xreg be a Zariski open subset,
which is quasi-projective. Let U be a projective compactification that
dominates X˜ with modifications ρ : U −→ X˜ and γ : U −→ X . We pull
back h, h+, and h− back to U , and we assume as above that U\U is a
divisor with normal crossings singularities. We denote by ηU a K”ahler
form on U and by ηU a complete K”ahler form on U with Poincare´
growth condition near the boundary as above. By Proposition 12 the
line bundle γ∗L is big on U . Kodaira’s lemma provides an effective
Q-divisor A such that the Q-divisor γ∗L−A is ample, giving rise to a
strictly positive hermitian metric h′ of class C∞ on the Q-line bundle
γ∗L−A. Let a·A be a divisor with a ∈ N, and σA a section of OU(a·A).
Then
h′
|σA|2/a
defines a singular hermitian metric on γ∗L, whose curvature Θ satisfies
Θ ≥ α · ηU
for some α > 0 on U . LetDj be the components of the normal crossings
divisor D = U\U . We equip the bundles [Dj ] with a C∞ hermitian
metric. We can find canonical sections τj and some β > 0 such that
the curvature of the modified hermitian metric
h′′ =
h′
|σA|2/a ·
∏
(− log ‖τj‖)β
over U satisfies
Θh′′ ≥ ε · ηU .
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The following considerations apply to the above line bundles on U .
Let p, r ∈ N, and let 1 > δ > 0. Then
ĥ := hp,r,δ := γ
∗(hp−δ0 h
r
+h
r+1
− )h
′′ δm0m1
is a singular hermitian metric on
γ∗(L⊗e ⊗ ω(2)∨
X
)
with e = m0(pm1+rm++(r+1)m−) and Θĥ ≥ εδm0m1 ·ηU . Hereafter
we shall consider ĥ as a singular hermitian metric on L⊗e ⊗ ω(2)∨
X
.
We choose p > 0 large enough so that I(hp0) annihilates π∗OU/OX .
Although as a singular hermitian metric on a line bundle ĥ is only
defined over Xreg, a coherent multiplier ideal sheaf I(ĥ) ⊂ OX can be
given a meaning as follows: For W ⊂ X open, we define
(I(ĥ)⊗OX(L⊗e))(W ) =
{σ ∈ Γ(W,OX(L⊗e));
∫
V ∩(X)reg
|σ|2ĥ <∞ for all V ⊂⊂W}.
Observe that ĥ|(X)reg is a (singular) hermitian metric on (L⊗e|(X)reg)⊗
K−1
(X)reg
. The ideal is I(ĥ) is coherent, since
I(ĥ)⊗OX(L⊗e) = I(γ∗ĥ) · γ∗(KU ⊗ γ∗(L⊗e ⊗ ω(2)∨X ))(24)
holds by the usual definition of the usual multiplier ideal sheaf I(γ∗ĥ)
for the singular hermitian metric γ∗ĥ on γ∗(L⊗e ⊗ ω(2)∨
X
).
Now we determine the value of δ > 0.
Remark 6. We can see from the definition of ĥ on X that for suffi-
ciently large p the zero set V (I(ĥ)) ∩ X = S. Furthermore for large
p the embedding dimension of the non-reduced space defined by I(ĥ) is
equal to dimX.
Proof. For large p the contribution of hp−10 to γ
∗(hp−δ0 h
r
+h
r+1
− ) dom-
inates the rest, so that the zero set of the multiplier ideal sheaf is
contained in S˜ ∪ R and contains S ∪ R. Next δ > 0 is chosen small
enough: The term 1/|σA|2 is equipped with a small exponent so that
the L2-integrability condition for holomorphic sections is not affected,
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and V (I(ĥ)) ∩ X = S ∪ R still holds. For large p also the second
statement is satisfied.
Proposition 16. The canonical map
H0(X,OX(L⊗e)) −→ H0
(
X,OX(L⊗e)⊗
(OX/I(ĥ)))
is surjective.
Proof. Let τ ∈ H0(X,OX(L⊗e) ⊗ (OX/I(ĥ))) be a section. For any
neighborhood W˜ of Ŝ = V (I(ĥ)) we can find a C∞ section τ˜ of L⊗e,
whose restriction to (Ŝ,OX/I(ĥ)) equals τ with supp(τ˜ ) ⊂ W˜ . We
consider γ∗∂τ˜ = ∂γ∗τ˜ on U .
Since H1(2)(U, γ
∗(L⊗e ⊗ ω(2)∨
X
) ⊗ OU(KU)) = 0 by Nadel’s vanish-
ing theorem (or H”ormander’s theorem on L2-estimates resp.), there
exists a C∞-section u of γ∗(L⊗e ⊗ ω(2)∨
X
) ⊗ OU(KU) on U , which is
square-integrable with respect to the singular hermitian metric and
the complete K”ahler metric on U such that ∂u = ∂γ∗τ˜ .
So 0 = ∂(γ∗τ˜−u), i.e. v = γ∗τ˜−u ∈ H0(U, γ∗(L⊗e⊗ω(2)∨
X
)⊗OU (KU)).
We claim that v is square-integrable: By (24) ‖u‖2ĥ is integrable over
(X)reg. Since ĥ is a singular hermitian metric of positive curvature, it
is locally bounded from below by a positive constant. Moreover τ˜ is of
class C∞, and U carries the complete metric ηU (with Poincare´ growth
condition). So v extends holomorphically to U . Then v gives rise
to a holomorphic section of L⊗e on X, which coincides with τ , when
restricted to the subspace (S,OX/I(ĥ)) (cf. equation (24)).
Proof of the Theorem. We know from the induction hypothesis that
m0L|S defines an embedding of S. In particular, m0L|S is big. Now
e is a sufficiently high multiple of m0, and also eL|S embeds S. In
the last step, we need to raise the power of L without affecting the
multiplier ideal sheaf I(ĥ). Here, we replace L⊗e by L⊗(e+t), where the
factor L⊗t is equipped with the original metric ht. Since the curvature
of h is absolutely continuous, by Proposition 9, we may assume that
I(ĥ) = I(ĥ · ht) holds over X , if we perturb δ by a small amount (i.e.
we perturb ĥ). However, this metric is not of analytic singularity, but a
singularity of type log(− log(t)) is negligible (cf. Remark 5). We chose
t large enough so that L⊗(e+t) defines an embedding of a Zariski open
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subspace of (S,OX/I(ĥ)) by Proposition 15. Now L⊗(e+t) embeds X\S
as well as a non-empty open subset of S, and it also separates normal
directions of this set in X . This contradicts the choice of S. This
proves Theorem 6 for reduced spaces X.
For non-reduced spaces again we use induction over the dimension.
Let L be a line bundle on X with the above assumptions. We know
that for some m > 0 the meromorphic map Φ|mL|red(X)| embeds red(X).
By Proposition 15 we can choose m > 0 so that Φ|mL| embeds a Zariski
open subspace X ′ ⊂ X . Let T = red(X)\red(X ′). According to the
above proof, a multiple of L, restricted to a high infinitesimal neigh-
borhood Tinf of T gives rise to a linear system, which embeds a Zariski
open subspace of Tinf . Finally, by Proposition 16 global sections over
Tinf can be extended to all of X contradicting the choice of T .
Finally Theorem 5 and Theorem 6 imply Theorem 1.
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